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1 Introdu
tionThe essential 
hara
teristi
 of a gossip proto
ol is that information ex
hanges, or gossips, o

urbetween randomly sele
ted pairs of hosts. Gossip proto
ols have proven an e�e
tive tool in thedesign of simple distributed proto
ols that are both eÆ
ient and robust [2{5, 9, 12, 15℄. A fun-damental issue in the design of a gossip proto
ol is determining what information hosts need toex
hange in the 
ourse of a gossip. Demers et al. [2℄ proposed two approa
hes to this problem:rumor-mongering and anti-entropy. In rumor-mongering, hosts only ex
hange hot informationthat has been re
eived re
ently and is therefore likely not to have been disseminated to all otherhosts. In anti-entropy, ea
h host stores a database with all the information it has obtained andfully re
on
iles this database with ea
h host gossip partner.Anti-entropy has been used su

essfully in a number of di�erent gossip proto
ols [3, 5, 9, 12, 15℄.The problem with anti-entropy, however, is that wholesale ex
hanging of databases is ineÆ
ientwhen there are few a
tual di�eren
es between the databases. This situation is, in fa
t, 
ommonin gossip proto
ols, parti
ularly in situations where information is introdu
ed into the system at alow rate.Set re
on
iliation. The set re
on
iliation problem was proposed in [10, 11℄ in an attempt toimprove the performan
e of anti-entropy. Consider a pair of hosts A and B, ea
h holding a setSA and SB of b-bit bitstrings. The goal of set re
on
iliation is for A and B to ea
h 
omputeSA [ SB with a minimum of 
ommuni
ation. Set re
on
iliation is 
onne
ted to graph 
oloringand the 
onstru
tion of error-
orre
ting 
odes [6, 7℄, and has a number of appli
ations outside ofgossip proto
ols. In parti
ular, it has been applied to PDA syn
hronization and routing tablemaintenan
e [8, 13, 14℄. More generally, set re
on
iliation 
an be used in a variety of systemswhere distributed information needs to be re
on
iled.Earlier work in [10, 11℄ presented algorithms for solving set re
on
iliation with near-optimal
ommuni
ation 
omplexity by interpolating rational fun
tions over a �nite �eld. These algorithmsrequire sending an amount of data on the order of the size of the symmetri
 di�eren
e betweenSA and SB . Though very eÆ
ient from a 
ommuni
ation perspe
tive, these algorithms su�er froma 
omputational 
omplexity that is 
ubi
 in the size of the symmetri
 di�eren
e, rendering themimpra
ti
al in many s
enarios.Our main 
ontribution in this work is to provide a re
on
iliation algorithm whose expe
ted
omputational and 
ommuni
ation 
omplexity are linear in the number of di�eren
es betweenre
on
iling hosts. Though the 
omputational 
omplexity of the algorithm is also ne
essarily linearin the size of the re
on
iling databases, we provide an in
remental data stru
ture that spreadsthis part of the 
omputation over insertions and deletions to the database. This in
rementalityis espe
ially important in appli
ations su
h as gossip where hosts repeatedly re
on
ile the sameevolving database.Appli
ation to gossip proto
ols. The appli
ability of set re
on
iliation to gossip dependsin part on how well the semanti
s of gossip re
on
iliation mat
h up with the semanti
s of setre
on
iliation. There are two main issues here. The �rst is the fa
t that set re
on
iliation assumesthat the data elements are �xed-length bitstrings, whereas gossip proto
ols often distribute variable-length data. This problem 
an be solved by simply running set re
on
iliation on �xed-length hashesof the data in question. The result of that re
on
iliation 
an then be used to determine what dataea
h host is missing.The se
ond issue is that gossip proto
ols rarely re
on
ile their databases with a simple union.1



Consider for example a gossip proto
ol where hosts distribute tuples of the form hA; vi, where Ais the name of the host that introdu
ed the tuple, and v is a version number. In this examplewe assume that when two tuples have the same hostname, only the most re
ent version number isretained. This kind of re
on
iliation is used in [15℄, and similar types of re
on
iliation are 
ommonin anti-entropy based gossip proto
ols. Under this model, two setsSA = fhA; 3i; hC; 7i; hD; 9ig SB = fhA; 2i; hB; 12i; hC; 9i; hD; 9igwould be re
on
iled as follows fhA; 3i; hB; 12i; hC; 9i; hD; 9ig: (1)On the other hand, the union of the two databases isfhA; 2i; hA; 3i; hB; 12i; hC; 7i; hC; 9i; hD; 9ig: (2)Nevertheless, (1) 
an be derived straightforwardly from (2) by dropping super
eded tuples. Thus,even when the re
on
iliation required by a gossip proto
ol is not equivalent to set union, setre
on
iliation 
an be a useful intermediate step in re
on
iling the databases.Outline. The rest of this paper is organized as follows. Se
tion 2 provides an abstra
t des
riptionof the main algorithm presented in [11℄ and des
ribes some of the problems asso
iated with it. Se
-tion 3 presents our main result, whi
h is an intera
tive algorithm based on repeated repartitioningof the universe of b-bit bitstrings that a
hieves linear expe
ted 
omputational 
omplexity whilemaintaining linear expe
ted 
ommuni
ation 
omplexity. Se
tion 4 des
ribes a data stru
ture 
alleda partition-tree whi
h permits in
remental maintenan
e of the data required by our intera
tivealgorithm. Finally, Se
tion 5 dis
usses our implementation and presents performan
e results.2 Basi
 Set Re
on
iliationThe set re
on
iliation algorithms presented in [10, 11℄ are based on the use of a novel form of
he
ksum that summarizes the 
ontents of a set. The key property of this 
he
ksum is that it 
anbe used to determine di�eren
es between sets. In parti
ular, given only the 
he
ksums for two setsSA and SB, one 
an re
over the symmetri
 di�eren
e SA�SB , as long as jSA�SB j is not too large.Moreover, one 
an test with arbitrarily low probability of error whether the symmetri
 di�eren
eis too large. The 
he
ksum has two parameters:� A re
overy bound m, su
h that re
on
iliation su

eeds if the sizem of the symmetri
 di�eren
eis less than or equal to m.� A redundan
y fa
tor k that determines the probability of dete
ting that re
on
iliation is notpossible. In parti
ular, if m > m, that fa
t 
an be established with an error probability of �k,as de�ned below: � jSAj+ jSBj2b �k ; (3)The general framework for the algorithms in [10, 11℄ (
olle
tively 
alled Basi
-Re
on) 
an beabstra
ted into four primitives, shown in Figure 1. The details of how these primitives are imple-mented 
an be found in [10, 11, 14℄. The general idea is that the 
he
ksum of a set is 
omputed2



init 
s(m; k): Returns an initial 
he
ksum with re
overy bound m and redundan
y fa
tor k; thesize of the 
he
ksum is given in Equation (4).add element(
s; �): Updates 
s to re
e
t addition of � to host's set.del element(
s; �): Updates 
s to re
e
t removal of � from host's set.re
over(
sA; 
sB): If j�Aj+ j�B j � m, then �A and �B are returned. Otherwise, fail is returnedwith probability given by (3).Figure 1: Basi
-Re
on primitivesComputational Complexityinit 
s(m; k) O(b(m+ k))add element(
s; �) O(b(m+ k))del element(
s; �) O(b(m+ k))re
over(
sA; 
sB) O(bm3 + bmk)Table 1: Computational 
omplexity of Basi
-Re
on primitives.as evaluations (over a �nite �eld) of a polynomial derived from the set; the re
overy pro
ess in-volves interpolation and fa
toring of a rational fun
tion whose zeroes and poles are elements of thesymmetri
 di�eren
e of the two sets being re
on
iled.Given a known bound m on the size m of the symmetri
 di�eren
e, re
on
iliation 
an pro
eedas follows: Hosts A and B 
reate and maintain 
he
ksums 
sA and 
sB 
orresponding to the setsSA and SB respe
tively. To initiate a re
on
iliation, host A sends 
sA to B. Host B then 
omputes(�A;�B) = re
over(
sA; 
sB);and sends �B to A. If no bound m is known, then the proto
ol is exe
uted with su

essively largervalues of m, until re
over su

eeds.The size of a 
he
ksum with re
overy bound m and redundan
y fa
tor k is bounded by(m+ k + 1)(b+ 1)� 1 (4)bits. Note that when k is small, the size of the 
he
ksum is 
lose to mb, whi
h is the size of thelargest symmetri
 di�eren
e that 
an be re
on
iled with that 
he
ksum.The 
omputational 
omplexity of the basi
 primitives is shown in Table 1. The main 
omputa-tional bottlene
k in Basi
-Re
on is the re
over primitive, whose 
omputation 
omplexity is 
ubi
in m. The primitives add element and del element 
an also be problemati
, parti
ularly if m is
hosen 
onservatively and if the size of the overall set is large.3 Partitioned Set Re
on
iliationWe 
an redu
e the 
omputational 
omplexity of set re
on
iliation by adopting a divide-and-
onquerapproa
h. This approa
h works by re
ursively partitioning the spa
e of all possible bitstrings,
ontinuing until a partition is rea
hed on whi
h Basi
-Re
on su

eeds with a pres
ribed bound3



Partition-Re
on(P)� Run Basi
-Re
on to re
on
ile SA \ P and SB \P with re
overy bound m and redundan
yfa
tor k.� If re
on
iliation is su

essful, then transmit di�eren
es to the other host and return� Otherwise, partition P into p partitions fP1; : : : ; Ppg that are as equal as possible. For ea
hPi, 
all Partition-Re
on(Pi)Figure 1: Partition-Re
on
inactive partition

active partition
terminal partition

Figure 2: An example run of Partition-Re
on with partitioning fa
tor p = 2.m on the number of di�eren
es in the partition. Sin
e the value of m is �xed, this avoids the high
omputational 
ost of running Basi
-Re
on with large values of m.More formally, a partitioning of a set P is de�ned as a sequen
e fPig of non-interse
ting subsetsof P su
h that [iPi = P . Given two sets SA; SB � P , one 
an re
on
ile SA and SB by separatelyre
on
iling SA \ Pi and SA \ Pi for ea
h i, and then taking the union of the re
overed sets.The proto
ol Partition-Re
on, shown in Figure 1, is based on a re
ursive partitioning s
heme.The proto
ol has three parameters: the partitioning fa
tor p, whi
h is the number of equally-sizedpartitions 
reated at ea
h level, the re
overy bound m, and the redundan
y fa
tor k. Partition-Re
on is initially 
alled on the full set of all b-bit bitstrings.Figure 2 illustrates one exe
ution of Partition-Re
on. Ea
h box 
orresponds to a di�erentpartition, and the sub-partitions of ea
h partition are arranged below it. The level of a partitionP is the number of partitions 
ontaining it. Thus, there is a single level-0 partition 
ontaining allpossible bitstrings, p level-1 partitions in the row below that, p2 level-2 partitions in the row belowthat, et
. A partition P is 
lassi�ed into one of the following three 
ategories, depending on thesize of the symmetri
 di�eren
e mP = j(SA � SB) \ P j:� A partition P is a
tive ifmP > m. In this 
ase, Partition-Re
on(P ) will re
ursively invokeitself on the p sub-partitions of P .� A partition P is terminal if it is the root partition or the sub-partition of an a
tive partition,and mP � m. In this 
ase, the re
ursion of Partition-Re
on terminates with a su

essfulinvo
ation of Basi
-Re
on.� A partition P is ina
tive if it is des
ended from a terminal partition.
4



3.1 Worst-Case AnalysisA run of Partition-Re
on results in an invo
ation of Partition-Re
on(P ) if and only if parti-tion P is a
tive or terminal. Unfortunately, it is possible for the symmetri
 di�eren
e of re
on
ilingsets to distribute very awkwardly among partitions, leading to a large number of a
tive and termi-nal partitions in the worst 
ase. The following theorem bounds the number of a
tive and terminalpartitions that 
an o

ur given an arbitrary distribution of elements.Theorem 1 For a �xed value m, Partition-Re
on is invoked re
ursively at most1 + mmp �b logp(2)� (5)times.Proof: De�ne I(s;m) to be the number of invo
ations of Partition-Re
on, where s is the sizejP j of the partition being re
on
iled, and m is the size of the symmetri
 di�eren
e of SA \ P andSB \ P . The following re
urren
e bounds I(s;m).I(s;m) � 1 +8<:0 if m � mmaxPpi mi=mnhPi I(l spm ; mi)io otherwise. (6)In the �rst 
ase of the re
urren
e, we know that Basi
-Re
on will su

eed, and so there willbe no re
ursive invo
ations of Partition-Re
on. The se
ond 
ase 
orresponds to a worst-
asebound for how the di�eren
es between two sets are split when ea
h host set is partitioned. Here,mi represents the number of di�eren
es 
ontained in the i-th partition. Note that impli
it in theformulation of the se
ond 
ase is the observation that I(s;m) is ne
essarily non-de
reasing in s.We pro
eed to prove the theorem by indu
tion on s. For the moment, we only 
onsider s thatare integral powers of p. For the base 
ase of the indu
tion, note that I(i;m) = 1 for all m � m,and that m � s. Our indu
tive hypothesis is:I(s;m) � 1 + p(logp s)mm:Consider the 
ase of I(ps;m), where s > m. If m � m, the indu
tive 
ase follows trivially. Ifm � m, then from the re
urren
e in Equation (6), we get:I(ps;m) � 1 + maxPpi mi=m " pXi=1 I(s;mi)#� 1 + maxPpi mi=m pXi=1 h1 + p(logp s)mim i= 1 + p�1 + (logp s)mm�� 1 + p(1 + (logp s))mm= 1 + p(logp ps)mmThis 
ompletes the indu
tion and proves the theorem for values of s that are powers of p. Bymonotoni
ity of I(s;m), we 
an 
on
lude that for arbitrary values of s, the I(s;m) is bounded by1 + p(�logp s� mm):5



Plugging in s = 2b gives the desired bound.The 
omputation and 
ommuni
ation 
omplexities of Partition-Re
on, expressed in the fol-lowing two 
orollaries, follow dire
tly from Theorem 1.Corollary 1 Ex
luding the 
ost of generating 
he
ksums, Partition-Re
on has a worst-
ase
omputation time of �(mm2b2 plog p)for a �xed redundan
y fa
tor k.Proof: The 
omputational 
ost of any give invo
ation of Partition-Re
on is �(bm3 + bmk).Multiplying by the number of invo
ations from Theorem 1 yields the desired bound.Note that a 
omplete re
on
iliation with Partition-Re
on also requires the 
omputation of
he
ksums. We address the 
omplexity of 
omputing these in Se
tion 4.Corollary 2 The worst-
ase 
ommuni
ation 
omplexity of Partition-Re
on is �(m plog pb2).Proof: The 
ommuni
ation 
omplexity of a single invo
ation of Partition-Re
on(P ) is simplythe size of a 
he
ksum, plus an extra bit for the se
ond host to return its status, either failure orsu

ess. Multiplied by the bound on the number of invo
ations from Theorem 1, this yields thestated result.For �xed p, the 
ommuni
ation 
omplexity is O(mb2), whi
h is signi�
antly worse than theO(mb) 
omplexity of Basi
-Re
on. The above worst-
ase analysis also allows us to bound theprobability of a failed invo
ation of Basi
-Re
on by �k � (1 +m=mp �b logp(2)�). The redundan
yfa
tor k must be 
hosen to make this probability a

eptably small.3.2 Expe
ted-Case AnalysisThe expe
ted 
ase of Partition-Re
on is mu
h better than the worst-
ase analysis of Theorem 1would suggest. In order to do an expe
ted 
ase analysis, we assume that the elements of the setsbeing re
on
iled are 
hosen uniformly and at random. This is a reasonable approximation if thedata being re
on
iled is in fa
t hashed-values of otherwise arbitrary data, as dis
ussed in Se
tion 1.Even if hashed values are not needed, hashing 
an be used to determine whi
h partitions a givenbitstring belongs in, making the bitstrings e�e
tively random.The performan
e of Partition-Re
on depends on the distribution of a
tive and terminalpartitions, and in this se
tion we provide some analysis of that distribution. Using that analysis wethen bound both the round 
omplexity and the 
omputational 
omplexity of Partition-Re
on.The following lemma estimates the probability that a given partition is a
tive.Lemma 1 Let P be some level-k partition, and let S be a 
olle
tion of randomly-
hosen b-bitbitstrings. The probability that P 
ontains more than m elements from S is no more thanfull(jSj; k) def= jSjXi=m+1binom(i; jSj; 1pk + 12b )where binom(k;n; p) is the usual shorthand for �nk�pk(1� p)k and p � 2 is the partitioning fa
tor.6



Proof: It 
an be shown through a simple re
urren
e that a level-k partition must have 
ardinalityat most �2b=pk�+ 1. The lemma then follows from elementary probability.De�ne a level k to be a
tive if any partition P on that level is a
tive. The following theoremestimates the number of a
tive levels, whi
h 
an in turn be used to estimate the number of roundsrequired by the proto
ol.Theorem 2 The expe
ted number of a
tive levels is at most:��1 + 1m� logp� 2emm+ 1��+ 3 � 2 logp� mm+ 1�+O(1);where e � 2:71828 is the base of the natural logarithm.Proof: By Lemma 1, the probability that a level-k partition P is a
tive is bounded above byfull(m; k). Thus, we may apply the union bound to getPr(level k is a
tive) = Pr(9 an a
tive level-k partition)� pk full(m; k): (7)We 
an further bound full(m; k) using some well known bounds on the tail of the binomial distri-bution [1, equation (6.9) and Theorem 6.2℄:full(m; k) = mXi=m+1binom(i;m; 1pk + 12b ) � � 2em(m+ 1)pk�m+1 : (8)Therefore, Pr(level k is a
tive) � pk full(m; k) � � 2emm+ 1�m+1 1pkm : (9)When the bound of Equation (9) is greater than 1, we 
an trivially repla
e it with 1. Thisrepla
ement o

urs when� 2em(m+ 1)pk�m+1 � 1log � 2emm+ 1�m+1! � kmk � �m+ 1m log� 2emm+ 1�� def= � (10)(11)
7



We 
an therefore write:E(a
tive levels) = b logp(2)Xk=0 E(level k is a
tive) (12)� b logp(2)Xk=0 min 1;� 2emm+ 1�m+1 1pkm! (13)= �Xk=0 1 +� 2emm+ 1�m+1 � b logp(2)Xk=�+1 � 1pkm� (14)� �+ 1 +� 2emm+ 1�m+1 � 1pm�(pm � 1) (15)� �+ 1 + 1pm � 1 (16)� �+ 3 (17)Substituting the de�nition of � into the last line above gives the desired bound.The following theorem bounds the number of a
tive and terminal partitions.Theorem 3 The expe
ted number of a
tive and terminal partitions is bounded above by8e(p+ 1)mm+ 1 : (18)Proof: We �rst estimate the number of a
tive partitions. By linearity of expe
tation we 
an
on
lude that E(# a
tive partitions) = b logp(2)Xk=0 E(# a
tive partitions at level k): (19)Using Equation (8), we 
an bound the expe
ted number of a
tive partitions at a given level asfollows: E(# a
tive partitions at level k) � pk full(m; k) � � 2emm+ 1�m+1 1pkm (20)Note, however, that the expe
ted number of a
tive partitions at level k 
annot be more thanpk, whi
h is the total number of partitions at that level. Thus, We 
an repla
e the bound in (20)by pk whenever � 2emm+ 1�m+1 1pkm � pk(m+ 1) logp� 2emm+ 1� � (m+ 1)kk � �logp� 2emm+ 1�� def= �8



We 
an therefore write:E(# a
tive partitions) � �Xk=0 pk + b logp(2)Xk=�+1 � 2emm+ 1�m+1 1pkm� pb�
 � 1p� 1 +� 2emm+ 1�m+1 � b logp(2)Xk=�+1 1pkm� pp� 1 � 2emm+ 1�+� 2emm+ 1�m+1 � 1pm�(pm � 1)� pp� 1 � 2emm+ 1�+� 2emm+ 1� � pm(pm � 1)� � 2emm+ 1�� pp� 1 + pmpm � 1�� � 8emm+ 1�Sin
e there are at most p times as many terminal partitions as there are a
tive partitions, mul-tiplying by p+ 1 yields the desired bound.Complexity Results. We now have the tools to 
ompute the expe
ted round 
omplexity and
omputational 
omplexity of Partition-Re
on. There is no interdependen
e between the exe
u-tion of Partition-Re
on(P ) for di�erent partitions P at the same level. Thus, all exe
utions ofPartition-Re
on(P ) at the same level 
an be exe
uted in a single round. The round-
omplexityof Partition-Re
on is therefore just the number of levels that have some a
tive or terminalpartitions, whi
h is one more than the number of a
tive levels. Thus,Corollary 3 The expe
ted number of rounds needed by Partition-Re
on for re
on
iliation is atmost 2 logp� mm+ 1�+O(1):The overall amount of 
ommuni
ation and 
omputation needed by Partition-Re
on is de-termined by the total number of a
tive and terminal partitions, as bounded in Theorem 3. Thefollowing two 
orollaries follow from Theorem 3 and Equations (4) and Table 1.Corollary 4 The expe
ted number of bits transmitted by Partition-Re
on is at most8emp(b+ 1) + 8emkp(b+ 1)m+ 1 2 O(mb):If the redundan
y and partitioning fa
tors k and p are �xed.Corollary 5 Ignoring the 
ost of 
omputing 
he
ksums, the expe
ted amount 
omputation requiredby Partition-Re
on is O(mpb(m2 + k)):9



Thus, in the expe
ted 
ase, Partition-Re
on has 
omputational and 
ommuni
ation 
om-plexity that is linear in the number of di�eren
es between re
on
iling sets, and requires only loga-rithmi
ally many rounds of 
ommuni
ation.4 In
remental Partitioned Set Re
on
iliationA straightforward implementation of Partition-Re
on would simply 
ompute the ne
essary
he
ksums at the time of re
on
iliation. This simple approa
h, however, 
an be problemati
 ifa given host engages in multiple re
on
iliations on the same evolving data set. In that 
ase, mu
hof the 
ost of 
omputing the 
he
ksums will be repeated unne
essarily at ea
h re
on
iliation. Thisse
tion shows how to avoid this problem by 
omputing 
he
ksums in
rementally as elements areinserted and deleted from the set. In this approa
h, all 
he
ksums that might be ne
essary in a runof Partition-Re
on are stored in a data stru
ture 
alled a partition tree that 
an be updatedin
rementally.A partition tree is a simple p-ary tree with two kinds of nodes: internal nodes, and leaf nodes.Ea
h node in a partition tree 
orresponds to a di�erent partition P . Consider the partition treefor some set S. An internal node 
orresponding to partition P 
ontains a 
he
ksum 
sP of theelements S \ P , along with pointers to the p nodes representing the sub-partitions of P . A leafnode 
orresponding to partition P 
ontains only the set S \ P . Figure 3 shows a portion of apartition tree with bran
hing fa
tor p = 3. Internal nodes are drawn as re
tangles and leaf nodesas ovals. To the right of ea
h node is a label of the 
orresponding partition.
P1 P2 P3

P2,2

P

S     P3

S     P2,2

csp1
csp2

csp

Figure 3: A trinary partition tree for set S of 3-bit bitstrings.A key invariant maintained by the partition tree is that there is an internal node for everypartition P su
h that jP \Sj > m. This ensures that it is always possible to obtain the 
he
ksumsne
essary for re
on
iliation. Thus, when a bitstring � is added to S, the partition tree must beupdated a

ordingly. In parti
ular, it is ne
essary to des
end the tree, using add element to updatethe 
he
ksums for all the internal nodes representing partitions to whi
h � belongs, �nally inserting� into the set of the leaf node whose partition 
ontains �. Similarly, when removing a bitstring� from S, del element must be used to update the appropriate 
he
ksums. Also, if the number ofbitstrings in a leaf node is raised above m, it must be 
onverted into an internal node, and 
hildren
reated for it. Similarly, if the number of elements in a leaf node is brought below m+ 1, it mustbe 
onverted to an internal node, and its 
hildren destroyed.
10



4.1 Expe
ted-Case AnalysisIn this se
tion, we 
ompute the expe
ted 
ost of inserting and deleting a random element from apartition tree populated by a random set S. We say that a node in the tree 
ontains a bitstring� if the partition 
orresponding to that node 
ontains �. The depth of a partition tree at � isthe number of nodes in the partition tree 
ontaining �. In order to 
ompute the expe
ted 
ost ofinsertion and deletion, we �rst need to 
ompute the expe
ted depth of the partition tree at somerandom bitstring �.Theorem 4 Let S be a random 
olle
tion S of b-bit bitstrings, and 
onsider a partition tree rep-resenting S. The expe
ted depth of the partition tree at S is bounded above by:�logp � jSjm ��+ 4 (21)Proof: In order to bound the expe
ted depth at �, we �rst 
ompute the expe
ted number ofpartitions P 
ontaining � su
h that jP \Sj > m. Every su
h partition is represented by an internalnode in the partition tree, and there is one leaf node below those internal nodes. Thus, the expe
teddepth is 1 plus the expe
ted number of internal nodes.Let Xk be a random variable that is 1 if the level-k partition 
ontaining � has more than melements, and 0 otherwise. Clearly, E(Xk) is bounded above by 1. Lemma 1 indi
ates that E(Xk)is bounded above by full(jSj; k). Moreover, for any set S and level k, there are at most bjSj=m
internal node partitions P (i.e.with jP \ Sj > m). Thus, E(Xk) 
an be bounded as follows.E(Xk) � min �1; bjSj=m
pk �Note that for k � � def= �logp(bjSj=m
)�, the above bound is equal to 1.If X is a random variable representing the number of internal nodes 
ontaining � then, bylinearity of expe
tation, E(X) � b logp(2)Xk=0 E(Xk)� �Xk=0 1 + b log[p℄(2)Xk=�+1 bjSj=m
pk� �+ 1 + bjSj=m
 b log[p℄(2)Xk=�+1 1pk� �+ 1 + bjSj=m
 1p� 1p� 1� �+ 1 + pp� 1< �logp(bjSj=m
)�+ 3:Adding one to the above bound on the number of a
tive nodes yields the desired bound on theexpe
ted depth of the partition tree. 11



Size of symmetri
 di�eren
ebitstrings/ms 1009080706050403020100
0.50.450.40.350.30.250.20.150.10.050Figure 4: Speed of Basi
-Re
on.From Theorem 4, we 
an 
on
lude that an insertion or deletion will require an expe
ted numberof no more than �logp (jSj=m)�+ 3 updates to internal nodes, plus 1 update to a leaf node. Ea
hof the internal node updates has 
omplexity O(bm+ bk) as per Table 1, and the leaf node updatehas 
omplexity of �(bm+ p). The following theorem thus follows.Theorem 5 The expe
ted 
omputational 
omplexity of inserting or deleting an element to/from apartition tree representing set jSj is� �b(m+ k) logp(jSj=m) + p� :For 
onstant k and p, this redu
es to �(m(log jSj � logm)):5 Experimental ResultsWe implemented the Partition-Re
on algorithm using the partition-tree data stru
ture of Se
-tion 4 to pre
ompute the ne
essary 
he
ksums, and ran a series of experiments to test the perfor-man
e of our implementation. This se
tion presents some of the data from those experiments.All our experiments have the following in 
ommon:� The same redundan
y fa
tor k = 1 is used for every invo
ation of Basi
-Re
on.� Ea
h displayed data point is the average over 10 runs.� The 
ost of 
reating the partition tree is not in
luded in the experimental results.� The sets being re
on
iled have 10,000 elements in 
ommon, with ea
h host having an extram=2 elements not shared with the other host.� Experiments were run between two 700MHz Pentium-III ma
hines, 
onne
ted by a 10Mb/sEthernet.We are mainly 
on
erned with the following two performan
e metri
s:Redundan
y: The total number of bits sent by the proto
ol divided by mb, the size of thesymmetri
 di�eren
e. 12



m = 5m = 3m = 1
Size of symmetri
 di�eren
ebitstrings/ms 10009008007006005004003002001000

43.532.521.510.50
m = 5m = 3m = 1

Size of symmetri
 di�eren
eredundan
y 10009008007006005004003002001000
14121086420Figure 5: The �rst graph shows the speed of Partition-Re
on plotted against the size m ofthe symmetri
 di�eren
e. The se
ond graph shows redundan
y plotted against m. m is the sizeof the threshold used in invo
ations of Basi
-Re
on, and p = 4 is the bran
hing fa
tor of thepartitioning.Speed: The number of bitstrings re
on
iled divided by the amount of time taken (in millise
onds)by the re
on
iliation. Be
ause our experimental setup is largely 
omputation-bound, thespeed mostly re
e
ts the 
omputational 
omplexity, but is also a�e
ted by the redundan
yand the number of round-trips required by the proto
ol.Before looking at the results for Partition-Re
on, it is useful to 
onsider the speed of theBasi
-Re
on proto
ol by itself. Figure 4 shows the speed of Basi
-Re
on for di�erent values mof the symmetri
 di�eren
e. Sin
e the 
omputational 
omplexity of Basi
-Re
on is 
ubi
 in m,the speed drops o� rapidly.The �rst graph in Figure 5 shows the speed of Partition-Re
on for di�erent values of m.Unlike Basi
-Re
on, the speed is roughly 
onstant inm, as suggested by the bounds of Se
tion 3.2.Interestingly, for m = 1 and 2, the performan
e seems to improve somewhat as m grows, whi
his better than our asymptoti
 bounds would suggest. Note also that redu
ing m in
reases thespeed, again in line with the bounds of Se
tion 3.2. The large jump in speed between m = 3 andm = 1 
omes from the fa
t that Basi
-Re
on be
omes mu
h more eÆ
ient for m = 1, due to theexisten
e of simpli�ed algorithms for interpolating and �nding the roots of degree-1 polynomials.The se
ond graph in Figure 5 plots the redundan
y of Partition-Re
on for di�erent values ofm. Note that the redundan
y is roughly 
onstant inm, showing that the 
ommuni
ation 
omplexitydoes indeed grow linearly in the size of the symmetri
 di�eren
e. The graphs in Figure 5 togethershow that by 
hanging m, it is possible to trade o� redundan
y for speed. The improvement inredundan
y for larger values ofm is due to the fa
t that the redundan
y of Basi
-Re
on improvesfor larger values of m. This in turn is largely due to the overhead asso
iated with the redundan
y13



p = 8p = 4p = 2
Size of symmetri
 di�eren
ebitstrings/ms 10009008007006005004003002001000

1.210.80.60.40.20
p = 8p = 4p = 2

Size of symmetri
 di�eren
eredundan
y 10009008007006005004003002001000
9876543210Figure 6: These graphs show the performan
e of Partition-Re
on for di�erent values of thepartitioning fa
tor p. The �rst graph shows the speed of Partition-Re
on plotted against thesize m of the symmetri
 di�eren
e. The se
ond graph shows redundan
y plotted against m. m = 5is the size of the threshold used in invo
ations of Basi
-Re
on.fa
tor k, whi
h is more signi�
ant for smaller values of m.Figure 6 shows the performan
e of Partition-Re
on for di�erent values of p. Again, thereis a tradeo� between redundan
y and speed. Note that the performan
e os
illates in m. This isbe
ause the proto
ol performs optimally when the number of di�eren
es �ts into an even numberof levels. Larger bran
hing fa
tors lead to larger 
osts when the number of di�eren
es is stu
kbetween levels.Figures 7 and 8 show that in
reasing both p and m redu
es the number of round-trips. Notethat in
reasing p from 2 to 4 has a large e�e
t on the number of round-trips, with only a smalle�e
t on the redundan
y, as shown in Figure 6.6 Con
lusionWe have presented a new algorithm Partition-Re
on for set re
on
iliation that improves uponthe existing Basi
-Re
on algorithm. Partition-Re
on operates by re
ursively partitioning theset of possible bitstrings and using Basi
-Re
on as a subroutine on those partitions. Our analysisshows that the expe
ted 
omputational 
omplexity is linear, as opposed to 
ubi
 for Basi
-Re
on,and the 
ommuni
ations 
omplexity of Partition-Re
on is within a small fa
tor of that forBasi
-Re
on. We also provide a data stru
ture that allows for in
remental maintenan
e of thedata needed to do re
on
iliation, so that there is no need for a host to do a linear s
an over itsset before re
on
iling. We have implemented and tested Partition-Re
on, and the algorithmperforms well. We believe these algorithms 
an be e�e
tive in greatly in
reasing the performan
e,14



Size of symmetri
 di�eren
eroundtrips 10009008007006005004003002001000
121086420Figure 7: These graphs show how the number of round-trips 
hanges with m for partitioning fa
torp = 4. p = 8p = 4p = 2

Size of symmetri
 di�eren
eroundtrips 10009008007006005004003002001000
14121086420Figure 8: These graphs show how the number of round-trips 
hanges with the partitioning fa
torp for m = 5and therefore the feasibility, of anti-entropy based gossip proto
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